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 A Remark on Generalized Fisher Inequalities of Delsarte’s  t -Designs
 S A T O M I H I G A S H I M U R A
 P . Delsarte defined the notion of  t -designs in  Q -polynomial association schemes and gave a
 Fisher type bound using linear programming . For each classical association scheme there is a
 geometrical interpretation of Delsarte’s  t -designs by a well-defined index  l  >  1 ,  the case  l  5  1
 giving a lower bound on the cardinality of a  t -design (the Singleton bound) . In this paper we
 compare these two bounds and discuss the non-existence of tight  t -designs or the lower bound
 of the index  l  for association schemes on sesquilinear forms .
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 1 .  I N T R O D U C T I O N
 Let  -  5  ( X ,  h R i j 0 < i < d ) be an association scheme and let  m i  ( i  5  0 ,  1 ,  .  .  .  ,  d ) be the
 multiplicities of  -  . In [4] , P . Delsarte defined algebraically the notion of  t -designs in
 Q -polynomial association schemes and , using linear programming , proved that for any
 t -design  @  Õ  X ,
 u @ u  >  m 0  1  m 1  1  ?  ?  ?  1  m [ t /2]  5  M t .
 We call  @  a  tight t - design  if  u @ u  5  M t .
 P . Delsarte , D . Stanton and A . Munemasa gave geometrical interpretations of
 Delsarte’s  t -designs in the classical assocition schemes . In this paper , we are concerned
 with the following classical association schemes  -  5  ( X ,  h R i j 0 < i < d ) :
 (0)  the association scheme of bilinear forms ;
 (1)  the association scheme of hermitian forms ;
 (2)  the association scheme of alternating bilinear forms ;
 (3)  the association scheme of quadratic forms .
 Let us briefly review the geometrical interpretation of Delsarte’s  t -designs in the
 above association schemes . Let  V  and  W  be vector spaces over  F  5  GF  ( q ) ,  where
 q  5  p f  for (0) , (2) and (3) , and  q  5  p 2 f  and  r  5  p f  for (1) . We set  X  5  V  3  W  for (0) and
 X  5  V  3  V  for (1) , (2) and (3) , where dim  W  5  n  and dim  V  5  d ,  with  d  <  n  for (0) ,
 dim  V  5  n  5  d  for (1) , dim  V  5  n  and  d  5  [ n  / 2] for (2) , dim  V  5  n  2  1 and  d  5  [ n  / 2] for
 (3) . We denote the set of bilinear , hermitian , alternating , quadratic forms on  X  by  Ω X  ,
 respectively . For  t  P  h 0 ,  1 ,  .  .  .  ,  d j ,  a non-empty subset  @  of  Ω X  is called a  t - design with
 index  l  if it has the following properties : for any  k -dimensional subspace  V 0 of  V  and
 any form  f 0 of  Ω Y  ,  the number of  f  P  @  which is an extension of  f 0 is a constant  l  ,
 where  Y  5  V 0  3  W  for (0) and  Y  5  V 0  3  V 0 for (1) , (2) and (3) . Then Delsarte’s  t -designs
 defined algebraically are equivalent to  t -designs defined geometrically above for some
 l .
 It is easy to see that  u @ u  can be expressed in terms of  q , t  and  l  and that  u @ u  is , as a
 function of  l  ,  minimized when  l  5  1 .  The value of  u @ u  that corresponds formally to
 l  5  1  is denoted by  N t  ,  and the inequality  u @ u  >  N t  and is called the  Singleton bound .
 In [11] , H . Suzuki proved that  M t  ,  N t  for the generalized Johonson scheme by a
 simple computation . This inequality implies the non-existence of tight  t -designs in this
 particular association scheme .
 For (0) we proved  M t  ,  N t  ,  establishing the non-existence of tight  t -designs . For
 other cases (1) – (3) we obtain  M t  .  N t  on the assumption that  n  is large relative to  t  and
 that  t  >  2 ,  giving the non-trivial lower bound of the index  l  >  M t  / N t  .  1 .
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 T ABLE 1
 m i  N t
 (0)  P i 2 1
 l 5 0
 ( q d 2 l  2  1)( q n  2  q l )
 q i 2 l  2  1
 q t n
 (1)  P i 2 1
 l 5 0
 1  2  r  2 2 d 1 2 l
 ( 2 r ) 2 2 d 1 l h 1  2  ( 2 r ) l 1 1 j
 r t 2
 (2)  q ( i 2 1) i  p
 2 i 2 1
 l 5 0  ( q
 n 2 l  2  1)
 p i l 5 1  ( q 2 l  2  1)
 q t (2 t 1 e )
 (3)  q ( i 2 1) i  p
 2 i 2 1
 l 5 0  ( q
 n 1 1 2 l  2  1)
 p i l 5 1  ( q 2 l  2  1)
 q t (2 t 1 1)
 We refer to [1 ,  2 ,  6 – 8] for definitions and information about the parameters of
 classical association schemes . In Table 1 , we list the multiplicities and the number  N t  of
 each of the association schemes (0) – (3) set out above .
 For (2) ,  e  5  2 1 if we take the set of quadratic forms on 2 t -dimensional subspaces as
 the level  t  subset in the ranked poset and  e  5  1 1 if we take (2 t  1  1)-dimensional
 subspaces .
 In [3] , L . Chihara proved by the Lloyd theorem the non-existence of tight  t -designs
 in most of the classical association schemes .
 Our non-existence proof of tight  t -designs uses the Singleton bound , and so is more
 combinatorial and more elementary .
 As is deduced from [7] , the index  l  of a  t -design is in fact much greater than 1 in the
 association scheme of bilinear forms . Similar stronger lower bounds for the index  l  can
 be expected in the association schemes of other forms .
 2 .  T H E A S S O C I A T I O N S C H E M E  O F B I L I N E A R F O R M S
 T H E O R E M 2 . 1 .  Let  -  5  ( X ,  h R i j 0 < i < d )  be the association scheme of bilinear forms on
 V  3  W , where V and W are  y  ector spaces o y  er GF  ( q )  with  dim  V  5  d  ,  n  5  dim  W .
 Then N t  .  M t for t  5  1 ,  2 ,  .  .  .  ,  d . In particular , there is no tight t - design .
 P ROOF .  We may assume that  t  is even . We proceed by induction on  k ,  with  t  5  2 k .
 If  k  5  1 ,  then clearly we have
 N 2  5  q
 2 n  .  1  1
 ( q d  2  1)( q n  2  1)
 q  2  1
 5  M 2  .
 By the induction hypothesis ,
 ( N 2( k 1 1)  2  M 2( k 1 1) )  P k
 l 5 0
 ( q k 1 1 2 l  2  1)  .  h q 2 kn ( q 2 n  2  1)  2  m k 1 1 j  P k
 l 5 0
 ( q k 1 1 2 l  2  1)
 5  q 2 k n ( q 2 n  2  1)  P k
 l 5 0
 ( q k 1 1 2 l  2  1)  2  P k
 l 5 0
 ( q d 2 l  2  1)( q n  2  q l )
 5  ( q 2 n  2  1)( q  2  1)  P k 2 1
 j 5 0
 q 2 n ( q k 1 1 2 j  2  1)  2  ( q d  2  1)( q n  2  1)  P k 2 1
 j 5 0
 ( q d 2 1 2 j  2  1)( q n  2  q j 1 1 )
 .  0 .
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 The last inequality holds as
 ( q 2 n  2  1)( q  2  1)  >  q 2 n  2  1  .  ( q d  2  1)( q n  2  1) ,
 q 2 n ( q k 1 1 2 j  2  1)  .  q 2 n  2  1  .  ( q d 1 1 2 j  2  1)( q n  2  q j 1 1 ) ,
 where 0  <  j  <  k  2  1 .
 Thus we have the assertion .  h
 3 .  T H E A S S O C I A T I O N S C H E M E S  O F S E S Q U I L I N E A R F O R M S
 T H E O R E M 3 . 1 .  Let  -  5  ( X ,  h R i j 0 < i < d )  be one of the following association schemes :
 (1)  the association scheme of hermitian forms on an n - dimensional  y  ector space , where
 n  >  [(5 k  2  1) / 2]  1  9 with k  5  [ t  / 2] ;
 (2)  the association scheme of alternating bilinear forms on an n - dimensional  y  ector
 space , where n  >  6 k  1  7  2  [( k  2  1) / 2]  with k  5  [ t  / 2] ;
 (3)  the association scheme of quadratic forms on an n - dimensional  y  ector space , where
 n  >  6 k  1  6  2  [( k  2  1) / 2] with k  5  [ t  / 2] .
 Then , for e y  ery t with  2  <  t  <  d , N t  ,  M t . In particular , M t  / N t gi y  es a non - tri y  ial lower
 bound of the index  l  of t - designs .
 P ROOF .  First , we note that  d  5  n  in (1) and  d  5  [ n  / 2] in (2) and (3) .
 We may assume that  t  is odd . We proceed by induction on  k ,  with  t  5  2 k  1  1 .
 (1)  Let  k  5  1 .  Then , for  d  5  n  >  11 ,
 N 3  5  r
 9  ,  1  1
 r 2 d  2  1
 r  1  1
 5  m 0  1  m 1  5  M 3 .
 By the induction hypothesis ,
 M 2( k 1 1) 1 1  2  N 2( k 1 1) 1 1
 5  M 2 k 1 1  2  N 2 k 1 1  1  m k 1 1  1  N 2 k 1 1  2  N 2( k 1 1) 1 1
 .  m k 1 1  2  r
 (2 k 1 3) 2  1  r (2 k 1 1)
 2
 5
 p k l 5 0  ( r 2 d  2  r 2 l )  2  ( r 2 k  2  r 2 9 k 2 8 )  p k l 5 0  r 4 k 1 9 ( 2 r ) l h 1  2  ( 2 r ) l 1 1 j
 p k l 5 0  ( 2 r ) l h 1  2  ( 2 r ) l 1 1 j
 .  (  p  )
 First , we have
 r 2 d  2  1  2  ( r 2 k  2  r 2 9 k 2 8 ) r 4 k 1 9 (1  1  r )  .  r 2[(5( k 1 1) 2 1)/2] 1 9  2  r 3 k 1 10  2  r 3 k 1 9  2  1
 .  0 .
 For every  j  with 1  <  j  <  k ,
 r 2 d  2  r 2 j  2  r 4 k 1 9 ( 2 r ) j h 1  2  ( 2 r ) k 2 j 2 2 j  >  r 2 d  2  r 2 j  2  r 4 k 1 j 1 9  2  r 5 k 1 11
 >  r 2[(5( k 1 1) 2 1)/2] 1 9  2  r 2 k  2  r 5 k 1 9  2  r 5 k 1 11
 .  r 5 k 1 12  2  r 2 k  2  r 5 k 1 9  2  r 5 k 1 11
 .  0 .
 Since the denominator of the formula ( p ) is positive , we have the assertion in this case .
 (2)  Let  k  5  1 .  Then , for  n  >  13 ,
 N 3  5  q
 2 1  ,  1  1
 ( q n  2  1)( q n 2 1  2  1)
 q 2  2  1
 5  M 3  .
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 By the induction hypothesis ,
 ( M 2( k 1 1) 1 1  2  N 2( k 1 1) 1 1 )
 p k 1 1 l 5 1  ( q 2 l  2  1)
 q k ( k 1 1)
 .  ( m k 1 1  2  q
 (2 k 1 3)(4 k 1 7)  1  q (2 k 1 1)(4 k 1 3) )
 p k 1 1 l 5 1  ( q 2 l  2  1)
 q k ( k 1 1)
 5  P 2 k 1 1
 l 5 0
 ( q n 2 l  2  1)  2  q k (7 k 1 16) ( q 9 k 1 21  2  q 2 7 k 1 3 )  P k 1 1
 l 5 1
 ( q 2 l  2  1)
 5  ( q n  2  1)( q n 2 1  2  1)  P k 2 1
 j 5 0
 ( q n 2 2 2 2 j  2  1)( q n 2 3 2 2 j  2  1)
 2  ( q 9 k 1 21  2  q 2 7 k 1 3 )( q 2 k 1 2  2  1)  P k 2 1
 j 5 0
 q 7 k 1 16 ( q 2( k 2 j )  2  1) .
 First , we have
 ( q n  2  1)( q n 2 1  2  1)  2  ( q 9 k 1 21  2  q 2 7 k 1 3 )( q 2 k 1 2  2  1)
 .  q 11 k 1 23 ( q 2 h 6( k 1 1) 1 7 2 [(( k 1 1) 2 1)/2] j 2 11 k 2 26  2  1)
 .  0 .
 For every  j  with 0  <  j  <  k  2  1 ,
 ( q n 2 2 2 2 j  2  1)( q n 2 3 2 2 j  2  1)  2  q 7 k 1 16 ( q 2( k 2 j )  2  1)  .  q 2 n 2 7 2 4 j  2  q 9 k 1 16 2 2 j
 .  0 .
 Thus we have the assertion .
 (3)  Since the numbers  N t  and  M t  are the same as those of the case (2) , by Table 1 ,
 we have the assertion .  h
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